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Introduction

@ In this lecture, | will present two more divide and conquer algorithms:
binary search and Karatsuba's algorithm for integer multiplication.

o (Binary search is not always considered to be a divide and conquer
algorithm.)

@ Reference for this lecture:
» Section 5.5 of Algorithm Design by Kleinberg and Tardos.
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http://www.cs.princeton.edu/~wayne/kleinberg-tardos/

Searching in a Sorted Array

Problem (Searching in a sorted array)

Given a sorted array A[l...n| of numbers and a query number x, find the
position of x in A. In particular, if there exists i such that x = A[i], return
i, and otherwise, return NOTFOUND.

@ Can be solved in ©(n) by checking whether x = A[i] for all i.

@ This is called brute force search, because all possible answers are
checked.

@ It is also called linear search.

o Next slides: We introduce binary search, which runs in ©(log n) time.
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Binary Search

@ Example 1: x =4 and A[1...10] = [1,2,4,6,7,9,12,13,15,19]
|1]2]4]6]|7]9]12]13[15]19]

o Compare x with the middle element A[5] = 7.
|1]2]4]6]7]9]12]13]1519]

@ As x < A[5], recurse on A[l...4]
|1]2]4]6]|7]9]12]13[15]19]
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Binary Search

o Compare x with the middle element A[2] = 2.
| 1]2]4]6]|7]912]13[15]19]

e As x > A[2], recurse on A[3...4].
(1]2]4]6]7]912]13[1519]

o Compare x with the middle element A[3] = 4.
(1]2]4]6]7]912]13[1519]

o As x = A[3] = 4, we return 3.
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Binary Search

e Example 2: x =10 and A[L...10] = [1,2,4,6,7,9,12,13,15,19)
|1]2]4]6]|7]912]13]15]19]

o Compare x with the middle element A[5] = 7.
|1]2]4]6]7]9]12]13]1519]

o As x > A[5], recurse on A[6...10]
(1]2]4]6]7]012]13]1519]

e Compare x with the middle element A[8] = 13.
(1]2]4]6]7[912]13[15]19]

igneron (UNIST) CSE331 Lecture 6 July 23, 2021 7/21



Binary Search

e As x < A[8], recurse on A[6...7].
(1]2]4]6]|7[912]13]15]19]

e Compare x with the middle element A[6] = 9.
1]2]4]6|[7]912]13[15 19|

o As x > A[6], recurse on A[7].
(1246|709 12]13[15 19|

e As x # A[7], return NOTFOUND.
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Pseudocode

Pseudocode of Binary Search
1. procedure BINARYSEARCH(A,/, r, x) > search for x in A[{...r]
2: if / > r then > test if array is empty
3 return NOTFOUND
& m« |5
5; if x = A[m] then
6: return m
7: if x < A[m] then
8: return BINARYSEARCH(A, ¢, m — 1, x)
9: else
10: return BINARYSEARCH(A, m+ 1,r, x)
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Analysis

@ The recursion tree is a single path.

@ At each level, we spend time ¢ for some constant c.
@ Intuition:

» The recursion tree is similar to a single path to a leaf in the recursion
tree of MERGE SORT.
» So there are about log n levels.
» So the running time is ©(log n).
@ More careful analysis:

» The size of the current subarray is at most half the size of its parent.
> So it takes at most 1 + [log n] steps to reach an empty subarray.
» So the worst-case running time is ©(log n).
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Iterative Binary Search

@ BINARY SEARCH also has a simple iterative version, i.e.
non-recursive.

Pseudocode of Iterative Binary Search
1. procedure BINARYSEARCH(A[L...n],x) b search for x in array A
2: {1, r<n > search interval bounds
3: while / < r do
4: m <— L%J
5; if Alm] > x then
6: r<—m-1 > search on the left
7: else if A[m] < x then
8: L+ m+1 > search on the right
9: else
10: return m > x = A[m]
11: return NOTFOUND )
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Iterative Binary Search

@ How does it compare with the recursive version?

@ How to prove correctness?
See lecture notes.
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Integer Multiplication

1100
12 X 1101
x 13 1100
36 0000
1 2 1100
156 1100
1 0011100

@ The long multiplication algorithm taught in primary school.
@ Also works in binary.

e Running time: For two n-digits (or n-bits) numbers, takes ©(n?) time.
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Integer Multiplication

@ We try to improve it using divide & conquer.
@ We use binary numbers, and assume that n is a power of 2.
o Idea: 10011011, = 2% x 1001, + 1011,

@ Any n-bits number x can be split into two n/2 bits numbers xi,xo

x=2"2. x4 + x
x1 = x div 2"/2

xg = x mod 2"/2

o Let y =2"2. y; + yo be another n-bit number split in the same way.
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Integer Multiplication

xy = (2"2 - x1 + x0)(2"2 - y1 + yo)
= 2"xyy1 + 2" 2(x1y0 + Xoy1) + Xo¥o

@ We reduce the product of two n-digits numbers to computing 4
products of two n/2-digit numbers, and two additions.
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Integer Multiplication

Pseudocode

1. procedure MULTIPLY(X, y) > n-bit integers

2: if n=1 then > base case
return xy

write x = 2"2 . x; 4+ xg and y = 2"2. y; +

7y + MULTIPLY (X1, y1)

71 < MULTIPLY(X1, ¥o)+MULTIPLY (X, ¥1)

7y < MULTIPLY (X0, o)

return 2"z, + 2"2z + z

@ F @ @ @

@ Analysis:

Line 4: ©(n)

Line 5,7: T(n/2)

Line 6: 2T(n/2) + ©(n) because an addition takes ©(n).
Line 8: ©(n)

v

vvyy
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Integer Multiplication

@ Therefore
T(n)=4T(n/2) + O(n).
o T(n)=0O(n?).
@ Proof: See lecture notes.
@ Intuition:
» Every pair of bits a b from x and y, respectively, appears in a product
X,'yj.
» Example: 11001101 x 1001 1011
» The pair 1,0 appears in the product x1 g
» So in the end, 1,0 will appear as a base case of our recursive
computation, i.e. a leaf of the recursion tree.
» = there are Q(n?) steps in this calculation.
e ©(n?) is not a good time bound because it is the same as the
standard long multiplication algorithm.

@ Conclusion: Divide & conquer does not always help.
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Integer Multiplication

@ The relation T(n) =4T(n/2) + ©(n) comes from the fact that we
make 4 recursive calls to problems of size n/2.

@ Can we do better, i.e. make only 3 recursive calls?

@ Yes: remember )
x=2"2. x + x

y=2"2.y; +y
Xy = 2nX1_y1 + 2n/2(X1y0 + XO)/l) + Xo0¥0

o Let p= (x1 +x0)(y1 + y0), then
X1¥0 + Xoy1 = P — X1¥1 — XoYo.

@ So we need only 3 recursive multiplications: p, x1y1 and xpyo.
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Integer Multiplication

Karatsuba's algorithm for integer multiplication

1. procedure MULTIPLY(X, y) > n-bit integers

2: if n =1 then > base case
return xy

write x = 2"2 . x; 4+ xg and y = 2"2. y; +

7y < MULTIPLY(x1, 1)

7y + MULTIPLY (X0, Y0)

p < MULTIPLY (X1 + X0, Y1 + Y0)

Z1<— p—20 — 22

return 2"z, + 2"/221 + 2o

O COR O O1F oo
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Integer Multiplication

@ Analysis of Karatsuba's algorithms: as an addition or subtraction of
two n-bit numbers takes ©(n) time, and there are 3 recursive
computations on problems of size n/2,

T(n) =3T(n/2) + ©(n).

@ As we will see in next Lecture, it implies:

Theorem

Karatsuba's algorithm for multiplying two n-bit integers takes ©(n'°823)
time.

o log, 3~ 1.59, so T(n) = o(n?). This algorithm is subquadratic.
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Integer Multiplication: Minor Issues

What if n is not a power of 27

Let m be the smallest power of 2 larger than n, i.e. m = 2Mlognl  Then
insert m — n zeroes at the beginning of the binary expansion of n. Example:

11010, = 0001 1010,

As n < m < 2n, we still have T(m) = ©(m'°e23) = ©(nl°e23).
This technique is called zero-padding.

Line 7: x; + xo and y; + yo may have n/2 + 1 bits, not n/2

It can be solved in several ways. (See lecture notes or wikipedia.)
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