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Proof that log(n!) = Θ(n log n)

One way of proving it is to use Stirling’s formula

n! ∼
√

2πn
(n
e

)n
.

A more elementary solution is the following. We first prove that log(n!) = O(n log n).

n! = 1 · 2 . . . (n− 1) · n
6 nn

and thus

log(n!) 6 log(nn)

= n log n.

To prove the lower bound log(n!) = Ω(n log n), let us write m = bn/2c. Then we have

n! = 1 · 2 . . .m · (m+ 1) . . . n︸ ︷︷ ︸
n−m numbers

.

Since n−m > m, it follows that n! > mm and thus log(n!) > m logm. As m > n
2 −

1
2 , it implies

that log(n!) = Ω(n log n).
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