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Introduction

@ In this lecture, we present randomized algorithms for two distributed
computing problems.

o References:
» Section 13.1 and 13.10 of Algorithm Design by Kleinberg and Tardos.
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https://www.pearsonhighered.com/program/Kleinberg-Algorithm-Design/PGM319216.html

Contention Resolution

Pie P
P2 P2.
Pse P
Pye Pye
@ Processes Pq,..., P, need to access a shared database.

@ There are several rounds, at each round, at most one process can
access the database.

@ If two or more processes try to access the database at round t, they
are all blocked.
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Contention Resolution

Example

@ Round 1: Only P, tries to access database = P, succeeds
Round 2: P; and Ps try to access database = both fail
Round 3: No process tries = nobody succeeds
Round 4: Only P; tries = P; succeeds

Round 5: Only P, tries to access database = P, succeeds again

@ We would like each process to be able to access the database
reasonably often.

o If all requests are coordinated centrally, it is easy: Process P; accesses
the database at rounds /, i +n, i +2n ...

@ It is also easy if the processes can communicate.
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Contention Resolution

@ What if the processes cannot communicate?

o If all processes follow the same deterministic algorithm, they all
attempt to access the database at the same time, and fail.

@ Solution: use randomization to break symmetry.

Algorithm

At each round, each process tries to access the database with probability
p, for some fixed p.

@ What is the probability that P; succeeds at round t?

Pr(Sic) = p(1—p)"

because it is the probability that P; tries to access the database, and
none of the other processes does.
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Contention Resolution

@ How to choose p?

e Maximize p(1 — p)™ 1

(P(L=p)" Y)Y = (1—p)" = p(n—1)(1-p)"?
= (1= p)"2(1 - pn).

@ So the maximum is achieved at p = 1/n, and then the probability of

success is )
1 1\"
Pr(S,-’t) = — (1 — —> .
n n
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Contention Resolution
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Waiting for a Particular Process to Succeed

@ Let F;; be the event that P; does not succeed at any round from 1 to
t.

t

t
Pr(Fi) = [1Pr (5i0) = [[1-Pr(s:0)
r=1 r=1

1 t
< (1 — —) by our lemma.
@ We would like to choose t so that this probability is low.
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Waiting for a Particular Process to Succeed

@ We choose t = [en], so that we can apply the lemma again.

1 [en] 1\ 1
Pr(Fis) < <1 - —> < (1 - —) <=
en en e

@ So process i succeeds at least once during the first t = [en] rounds
with probability at least 1 —1/e ~ 0.63

@ To increase this probability, we can increase t.

o Let t = [en]-[clinn]. Then
1 clnn 1
(&) =

Pr(Fi:) < <<1 _ é) e”)clnn
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Waiting for a Particular Process to Succeed

@ So P; succeeds at least once during the first t = [en] - [cIn n| with
probability > 1 —1/n°.

@ In other words, it succeeds with high probability.
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Waiting for all the Processes to Succeed

@ Suppose now we want to wait long enough, so that all processes
succeed with high probability.

o Let F; be the event that at least one process did not succeed at any

round from 1 to t: .
Fe=JFie
i=1

@ How to bound Pr(F;)? We use:

Proposition (Union bound)

n n
For any events Eq,. .., E,, we have Pr (U E,-> < Z Pr(E;).
i=1 i=1
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Waiting for all the Processes to Succeed

@ So if we set ¢ =2 and thus t = [en] - [2In n], we find

1

n
1
Pr(Fe) < Pr(Fis) < N =
i=1

o It follows that:

Theorem

With probability at least 1 — 1/n, all processes succeed at least once
during the first [en] - [2In n] rounds.

e Remark: This is a factor O(log n) from optimal, as it takes at least n
rounds for all the processes to succeed.
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Load Balancing

Problem
@ Suppose a stream of m jobs has to be processed by n processors.
@ The system is not controlled centrally.

@ How to assign the jobs?

@ If the system was controlled centrally, we could easily ensure that
each processor handles [m/n] jobs.

@ What can we do if the system is distributed?

@ Answer: Assign each job to a random processor.
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Load Balancing: Case m=n

@ Suppose m = n, where m = # jobs and n = # processors.
@ X; = number of jobs handled by processor i.
1 if job j is assigned to processor i
° Y, = .
0 otherwise.

(Remark: Yj; is an indicator variable.)
° So X; =31, Y E(Y;)=1/nand thus
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Load Balancing: Case m=n

e How to bound Pr(X; > ¢)?

@ We use Chernoff’s bound for upper tail (see previous lecture), using
p=land d=c—1:

c—1

Pr(Xi > ¢) < et

@ Now we would like to find a bound on the probability that no
processor takes more than c jobs.

e So we would like Pr(X; > ¢) < £
1/n?.

= to be small enough, i.e. less than
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Load Balancing: Case m=n

@ Let v(n) be the number x such that x* = n.

7= (g

With probability at least 1 — 1/n, no processor receives more than ey(n)
jobs. In other words, with high probability, every processor receives
O(log n/ log log n) jobs.

Lemma

Theorem

@ (Proofs done in class. See textbook.)
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Increasing the Number of Processors

o We take m = 16n1In n jobs.
@ Then the average number of jobs per processor is y = 16 In n.
@ Applying Chernoff's bound for upper tail with 6 = 1, we get

ey 161nn 1\ 1
PI’(X,' > 2,[1,) < (Z) < (z) = ?
because (e/4)'0 < 1/€?.
@ Applying Chernoff’s bound for lower tail with 6 = 1/2, we get

2 1
Pr(Xi < p/2) < e 2(3)16Inn _ —2Inn _ -
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Increasing the Number of Processors

@ After applying the union bound, we obtain:

Theorem

If there are n processors and at least Q(nlog n) jobs, then with high
probability, every processor has a load between half and twice the average.
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