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1 Motivation

The analysis of INSERTION SORT shows that, in the worst case, it sorts an array of n numbers in
time
Ti(n) = ain® +bin+c,

where a1, b1 and c¢; are unknown constants. These constants depend on the hardware, the compiler,
and implementation details. Two other sorting algorithms, BUBBLE SORT and MERGE SORT, have
worst case running times

Tg(n) = a2n2 + an + co
T3(n) = asnlogn + bsn

where ao, bo, co, a3, by are unknown constants. The analysis also reveals that aq, as and ag are
positive.

We would like to be able to make meaningful comparisons between the running times of theses
algorithms in spite of the fact that these constants are unknown. The asymptotic notations (also
known as Landau’s notations) will allow us to do it.

In order to see how these functions compare, let us choose the constants arbitrarily. For instance,
we set a1 =4,b1 =—3,¢c1 =6, a9 =3, by =6, co = —2, a3 = 8, b3 = 7. The graphs at two different
resolutions can be found in Figure 1.

We observe that, for large values of n, the functions 71 (n) and T5(n) grow at roughly the same
rate. It is not very surprising: Ti(n) is roughly equal to 4n? for large values of n, and Th(n) is
roughly 3n2, so Ti(n) is roughly 475(n)/3. We will introduce in this lecture the notation ©(-)
that expresses this relation: 71(n) = ©(T5(n)) means that T} and T are within a constant factor
from each other for large values of n. We can also write T}(n) = O(n?) and Ty(n) = O(n?). The
advantage of this notation is that it allows us to discard the unknown constant factors and expresses
what we really know: Ti(n) and Th(n) grow like n?. We will also say that Tj(n) and Th(n) are
quadratic.

We also observe that T3(n) is much smaller than Tj(n) and Th(n) for large values of n. This
is not surprising either, as lim,_, 73(n)/T1(n) = 0. We will use the notation o(-) to express this
relation, and thus we will write T3(n) = o(T1(n)), or even just T3(n) = o(n?). This shows that
MERGE SORT is a much better algorithm than the other two, at least for sorting large inputs. Again,
the point of this notation is that it allows us to ignore the unknown constant factors that appear in
the running times of our algorithms.
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Figure 1: Graphs of the functions T3 (n) = 4n?—3n+6, Ta(n) = 3n?+6n—2 and T3(n) = 8nlogn+7n.
The asymptotic relations o(-) and O(-) are illustrated by the graph on the right side, with large
values of n. In particular, we have T3(n) = o(Ti(n)), T5(n) = o(Ta(n)), Ti(n) = O(T2(n)),
Ta(n) = O(T1(n)), Ti(n) = ©(T2(n)) and Tr(n) = (T (n)).

2 Little-o notation

In this Lecture, we consider real-valued functions of an integer n, often denoted f(n), g(n). They
can also be seen as sequences of real numbers.

Definition 1. Let f and g be two real-valued functions of integer variables. We write f(n) = o(g(n))
if and only if there exists a function p such that f(n) = p(n)g(n) for all n, and lim,_,~ p(n) = 0.

This definition is not equivalent to saying that lim, .~ f(n)/g(n) = 0, because it would implicitly
require that g(n) is nonzero. But if g(n) is nonzero, or if it is nonzero for large enough n, we have
the following more convenient formulation.

Proposition 1. Suppose that there exists an integer ng such that g(n) # 0 for all n > ng. Then

=o(g(n)) if and only 1 imM:
() = olg(n)) if and only if Jim *l =0,

Proof. Suppose that there exists an integer ng such that g(n) # 0 for all n > ng. Then for all n > ny,
we have p(n) = f(n)/g(n). So p(n) and f(n)/g(n) either have the same limit at infinity, or do not
converge. We conclude that f(n) = o(g(n)) < lim, 0 p(n) = 0 < lim, o f(n)/g(n) =0 O

So intuitively, f(n) = o(g(n)) means that f(n) is much smaller than g(n) for large values of n.



Using Proposition 1 and your knowledge of calculus, you can easily derive the following examples.

1/n+1/n? =o(1)
2n 4+ 5 = o(n?)
10nlogn + 7n +5 = o(n?)
n?+2n+1=o(n?
n10 4 5n3 = o(2")
2" + 3"+ 4" = o(n!
The definition of o(-) can also be expressed as follows, using the definition of a limit:

Definition 2. We say that f(n) = o(g(n)) if, for every real number € > 0, there exists an integer
ng such that n > ng implies |f(n)| < g|g(n)|.

More intuitively, it means that for every fixed € > 0, the absolute value of f(n) is less than the
absolute value of g(n) for large enough values of n. The real number ¢ should be understood as
being very small, for instance this should hold for ¢ = 10~°. This definition can be written in a
more compact way using quantifiers: f(n) = o(g(n)) means that

Ve >0 3dng: n=ng=|f(n)| <celg(n)

Example. We want to prove that 2n + 5 = o(n?) using this definition. So given £ > 0, we want
to find an integer ng such that 2n +5 < en? for all n > ng. Assuming that n > 1, it suffices to
have 7n < en?, and thus ¢ > 7/n. So we just choose ng = [7/¢], and then for all n > ng, we have
2n +5 < en?.

The properties below can be derived from the definition. When the functions are nonzero, they
follow immediately from Proposition 1. We first consider the relation between common mathematical
functions.

Proposition 2. For all real numbers o, 3, v
(a) logn = o(n®) whenever o > 0.

(b) n® = o(n®) whenever a < f3.

(c) n® = o(y"™) whenever v > 1.

() 7" = ofn)

The relation f(n) = o(g(n)) is sometimes denoted f(n) < g(n). (Notation of Hardy.) So
Proposition 2 can be rewritten in a more compact form:

logn < n® < nf <" <n! whenever 0 < o < f and v > 1

Figure 2 gives special cases of these relations. This notation has the advantage to indicate that this
relation is transitive, so for instance (a) and (c) show that logn < 4™, in other words logn = o(y")
for all 4 > 1. Transitivity is stated below in Proposition 3 (iv).

Proposition 3. For every functions f, g and h, and for every constant \ > 0,
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Figure 2: Graphs of common functions: logn < n < nlogn < n? < 2", It illustrates the difference
between several classes of running times: logn is logarithmic, n is linear, n? is quadratic, and 2" is
exponential.
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Figure 3: (Left) Illustration of the relation f(n) = O(g(n)). For values of n larger than ng, the
graph of |f(n)| lies below c|g(n)|. (Right) Illustration of f(n) = Q(g(n)).

(1) f(n) = o(h(n)) implies Af(n) = o(h(n)).

(ii) f(n) = o(h(n)) and g(n) = o(h(n)) implies f(n)+ g(n) = o(h(n)).
(iii) f(n) = o(h(n)) implies f(n)g(n) = o(g(n)h(n)).
(i) f(n) =o(g(n)) and g(n) = o(h(n)) implies f(n) = o(h(n)).

Examples. (b) implies that \/n = o(n), so by (iii) we have /nlog?n = o(nlog®n). By (c) and
(d), we have n® = 0(2") and 2" = o(n!), so (iv) implies n® = o(n!). Similarly, applying (b), (i) and
(i), we get 5n? + 2n +4 = o(n?).

As a final remark, it follows immediately from the definition that f(n) = o(1) means that
lim;, o0 f(n) = 0. For example, we can write 1/n = o(1), or (sinn)/n = o(1).

3 Big-O notation

The o(:) notation presented in the previous section allows to compare two functions such as
Ti(n) = 4n? — 3n + 6 and T3(n) = 8nlogn + Tn by writing T3(n) = o(T1(n)). However, it does
not allow to compare T} (n) with Ty(n) = 3n? + 6n — 2, because lim,,_, T1(n)/T2(n) = 4/3, so the
statements 71 (n) = o(T2(n)) and T2(n) = o(T1(n)) do not hold. Intuitively, we would like to be able
to say that 77 (n) and T(n) are, asymptotically, within a constant factor from each other. This can
be expressed using the big-O notation O(-), defined as follows.

Definition 3. We write f(n) = O(g(n)) if there exist two constants ¢ > 0 and ng € N such that
n = ng implies | f(n)| < c|g(n)|.

In other words, f(n) is within a constant factor from g(n) for large enough n. (See Figure 3,
left.) It can be rewritten using quantifiers as follows: We say that f(n) = O(g(n)) if and only if

de>03dngeN : n>=ng=|f(n)] <clg(n)|

Compared with the definition of o(-), the difference is that we do not need the upper bound to
hold for arbitrarily small € > 0, it only needs to hold for some ¢ > 0. Therefore, f(n) = o(g(n))
implies f(n) = O(g(n)). The converse is not true, however. For instance, we have 2n = O(n), but
the statement 2n = o(n) is wrong.



Caveat. It is not true that f(n) = O(g(n)) implies that f(n)/g(n) has a limit ¢ when n — oc.
For instance, if f(n) = sinn, then f(n) = O(1) but sinn/1 does not have a limit. So as opposed to
the o(.) notation, there is not simple interpretation of O(.) in terms of limits.

It follows directly from the definition that f(n) = O(f(n)) for all function f. So the relation
f(n) = O(g(n)) is sometimes denoted f(n) < g(n). As we shall see below, this relation is also
transitive. So o(-) can be thought as being analogous to <, and O(-) is analogous to <.

Here is an example of how to prove that T1(n) = O(T2(n)) using Definition 3, when T3 (n) =
4n? — 3n + 6 and Tz(n) = 3n2 + 6n — 2. First observe that for all n > 1, we have

Ti(n) =4n*> —3n+6
< 4n® 40 + 6n°
= 10n2.
On the other hand, for all n > 1, we have 3n? < Ty(n), and thus T1(n) < (3/10)T(n). So we can
just apply the definition with ng = 1 and ¢ = 3/10.

In practice, this type of proof can often be done by applying the properties below. Properties (i)
and (ii) have been mentioned earlier.

Proposition 4. For all functions f, g, h, @ and for all constant A > 0,

(1) f(n) =O(f(n))

(i) f(n) = o(g(n)) implies f(n) = O(g(n)).

(iir) f(n) = O(h(n)) implies \f(n) = O(h(n)).

(i) f(n) = O(h(n)) and g(n) = O(h(n)) implies f(n) + g(n) = O(h(n)).
(v) f(n) =O(h(n)) and g(n) = O(p(n)) implies f(n)g(n) = O(h(n)p(n)).
(vi) f(n) = o(g(n)) and g(n) = O(h(n)) implies f(n) = o(h(n)).

(vir) f(n) =O(g(n)) and g(n) = o(h(n)) implies f(n) = o(h(n)).

(viii) f(n) = O(g(n)) and g(n) = O(h(n)) implies f(n) = O(h(n)).

Properties (vi)—(viii) are more intuitive if we use Hardy’s notation. For instance, Property (vi)
can be reformulated as follows:

f(n) < g(n) and g(n) < h(n) imply f(n) < h(n).

We now prove Property (iv): If f(n) = O(h(n)) and g(n) = O(h(n)), then f(n)+g(n) = O(h(n)).
As f(n) = O(h(n)), there exist constants ni,c; such that n > n; implies that |f(n)| < 1\h( )|

Similarly, there exist constants ng, co such that n > ng implies |g(n)| < co|h(n)|. So let ¢ =c¢1 + ¢
and ng = max(ny,na). For all n > ng, we have n > n; and n > ng, and therefore

f(n) +g(n) < aafh(n)] + c2|h(n))|
= (c1 + c2)|h(n)]
= c|h(n)].

The proofs of the other properties are similar, and are left as exercises.
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Figure 4: Ilustration of the relationf(n) = ©(g(n)).

Applications. Consider the function f(n) = 5n® — 2n2 + 5. As we have seen in the previous
section, we have —2n? + 5 = o(n3). So by (ii), we also have —2n? + 5 = O(n?). By (i), we know
that n® = O(n?), so (iii) implies that 5n% = O(n?). Then it follows from (iv) that f(n) = O(n?).
More generally, we can prove the following:

Proposition 5. We say that f(n) is a degree-d polynomial in n if there are constants ag,...,aq
such that ag # 0, and f(n) = agn® + ag_1n?' + -+ ain + ag for all n. If f(n) satisfies these
conditions, then f(n) = O(n?).

As a final remark, f(n) = O(1) simply means that f(n) is bounded. In other words, there exists
a constant C' > 0 such that |f(n)| < C for all n € N. In computer science, we rather say that f(n)
is constant when f(n) = O(1).

4 Big-() notation

The Big-{2 notation is defined as follows. (See Figure 3, right.)

Definition 4. We write f(n) = Q(g(n)) if there exist two constants ¢ > 0 and ng € N such that
n = ng implies |f(n)| = c|g(n)|. In other words, f(n) = Q(g(n)) means that g(n) = O(f(n)).

The properties of 2(-) can be derived by symmetry from the properties of O(-), so we will not
describe them here. This notation will be mostly used to give lower bounds on the running times
of algorithms. For instance, it can be proved that any sorting algorithm takes Q(nlogn) time. It
means that the running time of any sorting algorithm is at least cnlogn for some constant ¢ > 0,
and for large enough n.

5 Big-0O notation

There are functions f(n) and g(n) such that f(n) = O(g(n)) and f(n) = Q(g(n)). For instance, if
f(n) and g(n) are polynomials with the same degree d, then these two relations hold. In this case,
we will write f(n) = ©(g(n)). This situation is depicted in Figure 4. It means that f(n) and g(n)
are within a constant factor from each other for large enough n.

Definition 5. We write f(n) = ©(g(n)) if there exist three constants ¢; > 0, ca > 0 and ng € N
such that n = ng implies c¢1|g(n)| < |f(n)| < c2|lg(n)|. In other words, we say that f(n) = ©(g(n))

if and only if f(n) = O(g(n)) and f(n) = Q(g(n)).



The proof of the proposition below follows directly from this definition.

Proposition 6. For all functions f(n), g(n), and h(n),

o f(n)=0(f(n)). (Reflexivity)
o f(n) =0(g(n)) iff g(n) = ©(f(n)). (Symmetry)
o f(n) =0(g(n)) and g(n) = O(h(n)) implies f(n) = O(h(n)). (Transitivity)

In other words, the relation ©(-) is an equivalence relation:
The properties below will help proving ©-relations without going back to the definition.
Proposition 7. (i) Let A # 0 be a constant. Then Af(n) = O(f(n)).
(ir) If fi(n) = ©(g1(n)) and f2(n) = O(g2(n)), then fi(n)fa(n) = O(g1(n)g2(n)).
(iir) If f(n) = o(g(n)), then f(n)+g(n) = O(g(n)).
(tv) If there exists ng such that 0 < f(n) < g(n) for all n > ng, then f(n)+ g(n) = ©(g(n)).
(v) If f(n) is a degree-d polynomial, then f(n) = ©(n?).

Proof. We only prove (iii) and (v), the other proofs are simpler and are left as exercises. We now
prove (iii). As f(n) = o(g(n)), there exists ng such that n > ng implies that |f(n)| < |g(n)/2|. It
follows that |g(n)| — |g(n)/2| < |f(n) +g(n)| < |g(n)|+ |g(n)/2| for all n > ng. We have just proved
that |g(n)|/2 < |f(n) 4+ g(n)] < 3|g(n)|/2 for all n > ng, and thus f(n) + g(n) = O(g(n)).

Proof of (v). We can write f(n) = agn® + ag_1n? + --- + a1n + ap where aq > 0. We
define g(n) = ag_1n? + -+ + a1n + ag. Then lim, . g(n)/agn® = 0, so g(n) = o(agn?). As
f(n) = agn® + g(n), it follows from Property (iii) that f(n) = ©(agn?) = O(n?). O

6 Little-w notation

Definition 6. We write f(n) = w(g(n)) if and only if g(n) = o(f(n)).

So if there exists ng such that f(n) # 0 for all n > ng, then

In other words, f(n) = w(g(n)) means that f(n) grows much faster than g(n).

7 Further Comments

We say that the O(-) notation gives an asymptotic upper bound, the () notation gives an asymptotic
lower bound, and O(-) gives an asymptotically tight bound. In algorithms analysis, it is preferable
to obtain tight bounds, but sometimes no good lower bound is known and we just give an upper
bound.



7.1 Absolute values

The definitions of the asymptotic notations use absolute values: we have bounds on |f(n)| and |g(n)]|
instead of just f(n) and g(n). In an algorithms course, it does not make much difference because
the functions we consider are usually running times, and hence they are obviously positive. The
definition with absolute values was given here as it is the standard definition in mathematics. It also
applies to functions that change sign: for instance, sinn = o(nsinn) or (2n?+n) cosn = O(n? cosn).

We will not study this issue further as it is not very important for this course.

7.2 Getting rid of constants and lower-order terms

Suppose that T(n) = 4n? + 5n + 1. Then we can write that T(n) = O(4n?), but this is not a
good idea. The reason is that O(4n?) means exactly the same as O(n?). Similarly, we could write
T(n) = O(n? 4+ n + 1), but again n + 1 gives not information as O(n?) and O(n? +n + 1) mean
exactly the same.

More generally, when we give a bound using one of the four asymptotic notations above, it is
advisable to remove constant factors, and also remove lower order-terms, as they give no information,
and could possibly lead to mistakes.

7.3 Asymptotic Notation in Equations

We will often use asymptotic notations in equations. For instance, we will write that the running
time T'(n) of MERGE SORT satisfies the relation

T(n) =2T(n/2) + O(n).

It means that there is a function f such that f(n) = ©(n) and T'(n) = 2T (n/2) + f(n).
We may also write that a function S satisfies the relation

S(n) =Y _0(i).
=1

It means that there is a function g(n) = O(n) such that S(n) = > | g(i). Then we will be able to
prove that S(n) = O(n?).
7.4 Algorithms analysis

The running time of algorithms is often expressed using the asymptotic notations. For instance, we
establish the following results in CSE331.

Algorithm Worst-case running time on input of size n
BINARY SEARCH | ©(logn)

LINEAR SEARCH | O(n)
MERGE SORT O(nlogn)
INSERTION SORT | ©(n?)

Here we use the notation O(-) because we can prove upper bounds and matching lower bounds for
all these algorithms. For instance, we know that on some input, INSERTION SORT takes cin? time



for some constant ¢; > 0, and we also know that there is a constant co such that it takes time at
most con? on every input.

Often these running times are given using the O(-) notation. In the case above, it is less precise
as it does not indicate the lower bound. It could also mean that no tight bound is known, so only
the best known upper bound is given. In any case, one advantage of the asymptotic notations is
that they allow us to throw away unknown constants and lower order terms.

7.5 Classes of running times

The statement f(n) = O(1) means that there is a constant ¢ such that |f(n)| < ¢ for large enough
n. It means that f(n) is bounded by a constant for all positive integers n. So we will say that f(n)
is constant. More generally, worst-case running times 7'(n) will be described as follows:

e If T'(n) = O(1), then we say that the running time is constant.
e If T'(n) = O(logn), we say that it is logarithmic.

o If T'(n) = O(n), we say that it is linear.

e If T(n) = O(n?), we say that it is quadratic.

e If T(n) = O(n"*) for some integer constant k, we say that it is polynomial. For instance, a
running time O(n* + 3n? + 1) is polynomial.

e If T'(n) = O(2"), we say that it is ezponential. More generally, it suffices that T'(n) = O (an>
for some integer constant k.

These different classes are illustrated in Figure 2. An exponential running time implies that only
small instances can be solved in practice, while a polynomial running time means that large instances
can be solved. (This is not entirely true: an n'%° running time is polynomial, but still only trivial
instances can be solved.) So an important issue when studying a computation problem is to
determine whether it can be solved in polynomial time, or whether it requires exponential time.

In algorithms design, it is often desirable to find a polynomial-time algorithm for the problem
being considered. On the other hand, exponential-time algorithms are often considered too slow. For
instance, if the worst case running time is £2(2"), we may only be able to solve very small instances
of the problem. Unfortunately, for many problems, the best known algorithms are exponential. In
particular, it is true for NP-hard problems. (Will be described later this semester.)
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