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Abstract

We consider the problem of fitting a step function to a set @f{so More precisely, given an integer
k and a sef” of n points in the plane, our goal is to find a step functjowith k steps that minimizes
the maximum vertical distance betwegrand all the points ifP. We first give an optima®(n logn)
algorithm for the general case. In the special case wher@dirgs in P are given in sorted order
according to their-coordinates, we give an optim@l(») time algorithm. Then, we show how to solve
the weighted version of this problem in tini&n log* n). Finally, we give arO(nh?logn) algorithm
for the case wherk outliers are allowed. The running time of all our algorithimgdependent of.

Keywords: Algorithm Design; Optimization; Computational GeometBhape Fitting; Histogram

1 Introduction

In this paper, we consider the problem of fitting a step fumcto a point set irR2. (See Figure 1 for an
example.) For a given number of stefaswe find the step function whose maximum vertical distanca to
point setP is minimized.

ylk

Figure 1: A set of points ifiR? and an optimal approximation by a 3-step function.

The motivation for this work is to find a concise representatif a large set of points by a step function
with few steps. This type of representation of point-setstey functions (also callealstograms) is used
in Database Management Systems,daery optimization: there can be many different ways of answering
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a complex query involving several attributes of the datal @uery optimization consists in predicting the
fastest way to answer a query, before this query is performiid prediction is done using some statistics on
the data, which often consists of histograms. Several tgphstograms have been used in databases [16];
the histograms that correspond to our optimal step funstéwa calleanaximum error histograms, and have
recently been studied in the database community [7, 13, 17].

We give optimal algorithms for computing the optimal stepdiion in our model; in other words, we
give optimal algorithms for computing maximum error histmgs. We also give efficient algorithms for two
generalizations. First, we consider the more general caseeneach point is weighted, and its contribution
to the distance computation is multiplied by this weight.c@w®l, we introduce a generalization of our
problem to the case where outliers are allowed; that is, Vesvabur algorithm to ignorée: input points,
whereh is an input parameter. The motivation is to make the algarithore robust to noise in the input
point set.

1.1 Problem formulations

A function f : [a,b) — R is called ak-step function if there exists a real sequenee= ay < a; <
- < ap = b such that the restriction of to each intervala;,a;;1) is a constant. We usé(p, f) to
denote the vertical distance between a pgint R? and f; in other words whemp = (z,y), we have
d(p, f) = |f(z) — y|. Let P denote a set of points inR2. We define the distanc& P, f) betweenP and
a step functionf as follows:
d(P, f) = max{d(p. f) | p € P}.

We will consider the following three problems. The first omdtie problem that we already mentioned
and the second one is the weighted version. The third one &nerglization where we allow outliers,
which means that we allow a given numlgeof points fromP to be far fromf.

e MIN-DIST: Given an integek > 0 and a sef of n points inR?, find ak-step functionf* such that
e* = d(P, f*) is minimized.

e weighted-MIN-DIST: a generalization of MIN-DIST where weeagiven a set of weighted points,
and the distance betwegrand a poinp with weight . is - d(p, f). The goal is still to minimize the
maximum of these distances for a givien

e OUTLIER: GivenP C R?, anintegerk > 0 andh € N, find ak-step functionf and a subset
P’ C PsuchthatP’| < handd(P \ P, f) is minimized.

1.2 Previouswork

Algorithms for fitting a polyline to a dataset have been esily studied. For instance, Goodrich [12]
gave an0O(nlogn) time algorithm for fitting anc-monotone polyline withk edges to a set of points, under
the same criterion as ours: minimizing the maximum vertiislance between the input point set and the
polyline. Goodrich’s work was motivated by applicationsgeographic information systems and image
processing, where one wants to simplify a curve using a peylvith few edges. References to related
work can be found in Goodrich’s article [12]. There has alserbextensive research in algorithms for
fitting a step function to a point set under criteria that afieiént from ours: for instance, minimizing the
sum of the squared vertical distances. The interested readdind references to these results in Guha and
Shim’s article [13]. We are not aware of any work for fitting tags function or a polyline that explicitly
handles outliers in the same way as we do, but it has beendesadifor other shape fitting problems. See
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for instance the work of Har-Peled et al. [1, 14] on the minimwidth annulus and related problems, or the
recent paper by Atanassov et al. [4] on outliers removal miiring parameters such as diameter, perimeter
of parallel-axis bounding box, or area of the convex hull.

We now mention results that are more directly related tofhjser. Diaz-Bafez and Mesa [20] showed
that the dual problem where we want to minimize the numbenepss: for a fixed error bound can
be solved inO(n) time by a greedy approach. This algorithm can be used as sialealgorithm for
the MIN-DIST problem, and since the optimal distara¢ein the MIN-DIST problem is realized by half
the difference between twg-coordinates inP, then by sorting thes®(n?) values and applying binary
search, Diaz-Barfiez and Mesa [20] obtaineddn? log n) algorithm. This result was improved @(n?)
by Wang [21], and then by Mayster and Lopez [19] who gav&émin(n?, nklogn)) algorithm for the
MIN-DIST problem. Recently, Guha and Shim [13] found an aiipon with running timeO (n+ k2 log® n)
when the input points are given in sorted order, by increpshtoordinate. Their algorithm also applies
to a model of maximum relative error and to the case wheretpaire weighted. For the latter case, the
bound become® (n log n + k2 log® n); for largek, this was later improved by Lopez and Mayster [18] who
gave an algorithm with running tim@(n?). The algorithm by Lopez and Mayster also improves the space
requirement of Guha and Shim'’s algorithm fr@ntn log n) to O(n).

Finally, we mention two recent articles from the databasmroanity on maximum error histograms.
(Which, in our terminology, is the MIN-DIST problem.) Kasa&t al. [17] give arO(nL)-time algorithm
for MIN-DIST with sorted input, where in the worst caske,is the number of bits used for representing
each coordinate of the input points. They achieve it usimggteedy decision algorithm by Diaz-Bafiez
and Mesa [20], together with binary search. Buragohain.¢7hyave an efficient algorithm for computing
maximum error histograms over data streams.

1.3 Our results

In Section 2, we give a simpl@(nlogn) time algorithm for MIN-DIST. We achieve it by combining
the technique of Frederickson and Johnson [10] for seagchisorted matrix, with the linear-time decision
algorithm by Diaz-Béafiez and Mesa [20]. When the inpunfsare not given in sorted order, our algorithm
is optimal, and it improves on all previous algorithms [19, 20, 21] in the worst case. In particular, our
algorithm is the first one to be truly subquadratic, as prev@gorithms run in im€(n?), Q(k?), or Q(nk)

in the worst case. It is particularly significant for apptioas to databases, wheneandk could be large
enough to make a quadratic running time unacceptable.

In Section 3, we give a more general formulation of Fredeacks path partitioning algorithm [9]. In
Section 4, we combine this technique with efficient datacstmes [6, 11] for reporting range maxima, and
we obtain a linear time algorithm for the MIN-DIST problem @b the input points are given in sorted
order, by increasing-coordinates. It is the first optimal algorithm for this plen.

Our approach also gives &@i(n log” n) algorithm for weighted-MIN-DIST. (See Section 5.) It is the
first truly subquadratic algorithm for this problem, andhitdroves on the(n log n + k2 log® n) algorithm
of Guha and Shim [13] wheh = w(y/n/logn).

Finally, we give arO(nh? log n) algorithm for the OUTLIER problem, where up kainput points can
be ignored. It improves on the obviodgn?h?) dynamic programming approach.



2 A simpleoptimal algorithm for MIN-DIST with unsorted input

In this section we present our algorithm for the MIN-DIST Iplem. We first present the sorted matrix
searching technique [9, 10], then we give the greedy, litisa decision algorithm for sorted input (which
is essentially the algorithm by Diaz-Bafnez and Mesa {f@bthe dual problem), and then we combine these
two results to get a®)(n log n) time optimization algorithm.

2.1 Searchingin asorted matrix

In this section we quickly describe the technique of Fradkson and Johnson for searching in a sorted
matrix [9, 10]. Suppose we are given arx n sorted matrix)\/—by sorted, we mean that< ' and; < 5’
implies that)M; ; < M, ;. We assume that we can access in constant time the valuetoékement)/; ;.

Letg : R — {TRUE, FALSE} be a monotone function in the sense that i y andg(x) = TRUE, then
g(y) = TRUE. Our goal is to find the smallest elemé¥i ; of the matrix M/ such thaty()/; ;) = TRUE;
we call this problem theptimization problem. Thedecision problem is to compute the mapping given
x € R, compute the value af(x). If we assume that the decision problem can be solved in fiythen the
optimization problem can be trivially solved in tini&n? log n+ D log n) by sorting{M; ; | 1 < i,j < n}
and then performing a binary search over these values. §betaim by Diaz-Banez and Mesa [20] applies
this approach using the decision algorithm presented itid®e2.2, whose running time i® = O(n).
The technique of Frederickson and Johnson improves the ltimo@d of this optimization technique to
O(n + Dlogn) as follows.

The algorithm maintains a collectio of submatrices of\/, and initially we setM = {M}. We
assume that is a power of 2; if not, we reduce to this case by padding copiiéd,, ,, to the input until its
size is a power of 2. At each step, we partition each matri¥irinto four equal-size square matrices. We
do not maintain these matrices explicitly (which would rieguuadratic time): we only keep the range of
indices in the original matriX// that corresponds to each submatrix. Then about half of timeddces are
discarded. We repeat this process until the sum of the nisrdfezlements of these submatricegiél ),
and thus we can find the optimal element by brute force.

We still need to explain how submatrices are discarded. &fthoss of generality, we assume that
all elements ofM are distinct (if not, we break ties arbitrarily). For eaclbsatrix in M, we compute
the smallest element (which of course is at the upper leftedr Then we compute the mediag,;, of
these smallest elements. We also compute the medjan of the largest elements. Suppose now that
9(Amin) = TRUE. Then clearly, we can discard all the submatrices wisas&lest element is larger than
Amin- Otherwise, ifg(Amin) = FALSE, we discard all the submatrices whose largest elerasntaller than
Amin- We handle),,.x in a similar way: ifg(Anax) = TRUE, we discard all submatrices whose smallest
element is larger than,,,.x, and if g(A\max) = FALSE, we discard all submatrices whose largest element
is smaller tham\,,.. It can be shown that together, these two steps allow to @issienost one half of the
matrices. For more details, we refer to the papers by Fradem and Johnson [9, 10] and the survey by
Agarwal and Sharir [2, Section 3.3].

2.2 A decision algorithm for sorted input

In this section, we describe the linear-time decision allgor by Diaz-Bafez and Mesa [20]. We assume
that P is given as a set of pointg = (z;,y;) for 1 < i < n sorted from left to right: we assume that for all
i, we haver; < x;11. (To simplify the exposition, we assume that no two pointgehgamer-coordinate.)



We denoteP[i, j| = {ps,...p;}, Y[i, 5] = {yi,...y;} andAli, j] = (max Y'[i, j] — minY'[4, 5])/2. In
other wordsA[i, j] is the distance betweeR([i, j| and the closest 1-step function.

Our decision algorithm takes as input the point Beain integetk, ande > 0. It returns TRUE if there
exists ak-step functionf such thatl(f, P) < ¢, and returns FALSE otherwise. We define a functiert.
as follows: if Afi,n] < ¢, thennext.(i) = n + 1 and otherwisenext.(7) is the smallest integej >
such thatA[i, j] > . We first observe that for afl, we can computeext.(i) in time O(next. (i) — 1)
by traversingP|i, n] from left to right with a pointeri’, while maintaining the value ahax Y'[i, '] and
min Y[i,4']. We are now ready to give the decision algorithm:

Algorithm DECIDE(P, k, €)
1. il — 1.

2. forj«—1tok

3 do ij+1 — nextg(ij).

4. if ij+1 =n-+1

5 then return TRUE.
6. return FALSE.

From our observation thakxt. (i) can be computed in tim@(next. (i) — i), we can see that algorithm
DECIDE runs inO(n) time. A fairly simple argument shows that this algorithm @srect; the interested
reader can find a detailed proof in the article by Diaz&aand Mesa [20]. Thus, we have the following
result:

Lemmal Given a sorted point set P, an integer k, and € > 0, the algorithm DECIDE(P, k, €) decides in
O(n) time whether there exists a k-step function f such that d(f, P) < e.

2.3 Optimization algorithm

We denote by the set of half-differences betwegrcoordinates inP:

E— y—y ‘ ( o
= 5 x,y) € Pand(z',y’) € P
It is easy to see that the erref of the solution to the MIN-DIST problem is in this set. The MIDIST
problem can be solved by sortidgin O(n? logn) time, and then looking for the optimal valeg using the
decision algorithm and binary search.

In order to avoid a quadratic running time, we will apply tleeted matrix searching technique (Sec-
tion 2.1). This is made possible by the fact tlkatan be written as follows:

E=Y + (-Y) whereY = {% | (z,y) € P}.

Thus we first sort” and obtain a non-decreasing sequefigesuch that” = {b; < b, ... < b,}. Thenwe
represent the elements Bfas the set of elements of a sorted mafvixdefined byA/; ; = %(bi — bpg1—j)-
So our optimization algorithm works as follows. We first @ae a sorted array the elementsyofwhich
takesO(nlogn) time. It allows us to compute elements &f in constant time. Then we soft according
to thex-coordinates, which, by Lemma 1, allows us to run the degialgorithm inO(n) time for any value
of e. So, applying the sorted matrix searching technique (segd®e2.1), we obtain the following result:

Theorem 2 The MIN-DIST problem can be solved in O(nlog n) time.
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A simple reduction from sorting shows that it is optimal whiea input point-sef” is not given in sorted
order: given the inputxy, ..., z,), takeP = {(z;,z;) | 1 <i < n} andk = n. The sequence of-values
taken by an optimak-step function corresponds (@, . .., z, ) in sorted order.

3 Frederickson’salgorithm for Min-Max partitioning

Frederickson [9] gave a linear time algorithm for the follog/path partitioning problem: given an integer
k > 0 andn positive real numbersy, ..., w,, compute a partition of1,...,n} into k intervalsly, ..., I
such thatmax;c (i xy Zidj w; is minimized.

Let us first formulate Frederickson’s min-max partition [deam in a more general setting. LEtbe
a set (not necessarily finite); we shall call it the alphalWe denote by* the set of words oveE, and
the empty word is denoted by Forv,w € X*, vw denotes the concatenation @©fand w. Assume
that we have a mapping : >* — R™ such thatd(e) = 0. We are interested in the following problem:
givenw € ¥*, compute a factorizatiom = wyws...wy (Wherew; € X*) such thatE?faxk}H(wi) is

7 yerns

minimized. We shall call this problem MIN-MAX PARTITIOMN]. Note that the problem of Frederick-
son corresponds to MIN-MAX PARTITION) with ¥ = RT and S(w; ...wj) = w; + ... + wj. The
following result gives sufficient conditions ahwhich allow to apply Frederickson’s technique to solve
MIN-MAX PARTITION( 6).

Theorem 3 Let X beaset, and 6 : ¥* — R* be a mapping such that #(e) = 0. Suppose that ¢ has the
following properties:

(i) @ isnon-decreasing, thatis, (v) < 0(uvw) for al u, v, w € ¥*.

(i) We can preprocess a; ...a, € X" intime m(n) so that, given any query (i,j), we can compute
9(0,2‘ L aj) in tlme,‘i(n)

Then MIN-MAX PARTITION (f) can be solved intime O (7 (n) + nx(n)).

To see why this theorem holds, one just has to reformulatpribef of Frederickson [9] using our more
general framework. As it would be quite technical, we onlgroze what corresponds to tiign log log n)
algorithm given by Frederickson, which gives @(r(n) + n(loglog n)x(n)) time bound in our case. The
rest of the proof in Frederickson’s paper extends directlgur case, which proves Theorem 3.

To simplify the presentation, we assume that) = O(1) in the remainder of this section. The lemma
below shows that conditions (i) and (ii) yield a linear timgaithm for the decision problem.

Lemma 4 (Naive decision algorithm) Under the hypothesis of Theorem 3, and after the preprocessing
step corresponding to condition (ii), there exists a linear time algorithm for the decision problem relative to
MIN-MAX PARTITION (6).

Proof: Once the preprocessing @nhas been done, a greedy algorithm for the decision problenbea
achieved by a single sweep from left to right. It is esselytitle same algorithm as the decision algorithm
for MIN-DIST presented in Section 2.2, and the proof caraesr to this casé.]
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Now we still need to design an algorithm to compute the oftivalue £*. The algorithm to compute
this value relies on the technique of matrix searching. Walrehe main result in its general version as it
appears in Frederickson’s article [9], but restricted ®o¢hse of square matrices of the same size.

Theorem 5 (Matrix Searching) Let M be a collection of N sorted matrices {My,..., My} in which
matrix M; is of size m x m. Let s be a non-negative integer (called the stopping count). The number of
calls to the decision algorithm that are needed by the matrix searching algorithmto discard all but at most s
of the elementsis O (max{log m, log(Nm/(s+1))}), and the total time of the Matrix Searching algorithm
exclusive of the calls to the decision algorithmis O(Nm).

Givenaninputw = a; ... a, € X" andk > 0 (both fixed from now on), we defirg ; = 6(a; . .. a;) for
alli < j. Letus define the x n matrix M/ by M; ; = 6,,11—; ; whenn+1 < i+ j andM; ; = 0 otherwise.
Because of property (i)}/ is a sorted matrix: it is non-decreasing along each line act eolumn. Let*
be the optimal value of MIN-MAX PARTITION{) on input(w, k). Of courses* € M. Condition (ii)
allows to query any entry of the matri¥ defined above in timé&(1) with preprocessing time(n) on the
input (aq, ..., a,). Note that we never do any other preprocessing of this tylpenarices occurring in the
algorithm are seen as a product of two interval$of. . . , n}, and querying these matrices is performed via
a query on the big matri®/. In the next two lemmas, we assume that the preprocessingspanding to
condition (ii) of Theorem 3 has been done, and we only congfderunning times after this step.

The main idea to obtain th@(n loglogn)-time optimization algorithm is to get a faster decision al-
gorithm by doing some additional preprocessinguanThene* is computed by applying the technique of
matrix searching o/, using this improved decision algorithm.

The preprocessing is performed as follows. kdie an integer (to be chosen later). The inpuis
divided into [n/r] factorsv; of lengthr, thus we havev = v;...v, .. The family of sorted matrices
M = {M,..., M, }is created, wheré/; contains the values df overv;. Then a first phase of matrix
searching is performed ol with stopping count:/r2. While doing this search, the decision algorithm is
run for several values af We denote by, the largest such value efthat is not feasible, and we denote by
A2 the smallest one that is feasible. Hence, we have: ¢* < \o. At mostn /r? factorsv, have (at least)
an elemend; ; of their matrix\/, lying in [A1, \2]; we call these factoractive. The other factors are called
non-active.

We shall carry out some preprocessing on the non-activerfadtet us consider a factoy = a,, . . . a4.
Fort € {p,...,q}, we definencut(t) to be the minimum indeX such that there exists a partitiap. . . a, =
uy ... ugyq SUch thaimax; 6(u;) < A;. Moreover, we defineem(t) to be the maximum of whereu,,; =
a; . ..aq over all these partitions. Notice that these two parameiters(t) andrem(¢) are the ones obtained
by applying the greedy decision algorithm given in Lemma 4pn . a, and\;. The next lemma explains
how to compute these values efficiently.

Lemma 6 (Preprocessing factors) Given an interval of {1,...,n} of length », computing rem(¢) and
ncut(t) for all ¢t € I can bedoneintime O(r).

Proof: Fort € I, we definenexty, (¢) to be the smallest such that), ,, > A;. All values ofnexty, (¢) can
be computed in tim@®(r) by scanning from left to right, while maintaining a pointéos and a pointer to
nexty, (t). Then,ncut(t) andrem(t) can be computed by a single scan from right to left. At each ste
this scan, we computecut(¢) andrem(¢) in constant time by accessimg:= nexty, (¢), and then using the
already computed valuesut(t') andrem(t’). O
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Once this preprocessing has been done, we obtain a subtieeiaion algorithm.

Lemma 7 (Sublinear decision algorithm) After the preprocessing of Lemma 6 has been done,
we have an O((n/r)logr) time algorithm to solve the decision problem corresponding to
MIN-MAX PARTITION (6).

Proof: We can assume thatj < ¢ < \q, because iE < \; we can immediately return FALSE, and
if &£ > Ao we can return TRUE. The idea is to implement the greedy aphpréester, by jumping inside
non-active factors; on the other hand, we still operate loyebforce within active factors. So let's assume
that the naive, greedy approach yields a factorizatios w; . . . u,.

Consider the maximum sequengg. .. u; (possibly the empty word) which entirely lies in tipeth
subsequence,, of w. Hence we can writey, = wu;...u;u’. Assume that, is non-active. For all
i < i < j,we haved(u;) < €, so by definition of non-active factors, we hafe.;/) < A;. It follows that,
if a; is the first letter inu;, we have thaj — i = ncut(t) andu’ starts at indexem(t).

As aresult, we can implement the greedy algorithm{og ) time within a non-active factar,. First
we find by binary search the indef first cut insidev,,, using the index of the previous cut. Then we find
the number of cuts needed insidgusingncut(t). Finally, we know that the last cut insidsg is atrem(t).

There are at most/r? active factors, so our improved greedy algorithm spendssa®dO(n /r) time
on them. On the other hand, it spends tigog r) on each non-active interval, and there are less than
of them. It yields the desired time bound.

O

We can now describe the whale(w(n) + nloglogn)-time algorithm. First the preprocessing corre-
sponding to condition (ii) is performed on the input The sorted matrix\/ is created. Then we choose
r = [logn] and we create the family of sorted matricks corresponding to the/r factorsvy, ..., v, ,
of lengthr of w. A first phase of matrix searching is performed.bf using the naive decision algorithm
(Lemma 4) and stopping count/r?; it provides new bounds; < ¢* < A. Then we perform the pre-
processing (Lemma 6) with respectXe on all non-active factors. The last step of the algorithmstsis
in a matrix search on the big matriX with stopping counO(1), using the sublinear decision algorithm
(Lemma 7). It gives the optimal value'. It is easy to check that the running time of this algorithm is
O(7(n) + nloglogn), thanks to our improved decision algorithm that runs in tithe (log log n)/ log n).

Frederickson’sO(w(n) + n)-time algorithm is based on clever pruning techniques, arting the
intervals recursively (with finely tuned parameters) toaitfaster decision algorithms at each step. A
careful reading of the proof of Frederickson shows that s (i) and (ii) are sufficient to be able to
apply these techniques exactly in the same way. We do noitectiis proof here; the interested reader can
check the original paper of Frederickson [9] to completepitumf of Theorem 3.

4 A linear timealgorithm for MIN-DIST with sorted input

In this section, we give an optimal, linear-time algorithar the MIN-DIST problem with sorted input.
We achieve it by combining our reformulation of Frederiaksaechnique (Theorem 3) with efficient data
structures for range reporting.

The input of sorted-MIN-DIST is an integér, and a setP = {(z1,41),...,(2n,yn)} Of n points
in the plane. These points are given as a sequence, sortedliaccto theirz-coordinates, so we have
z1 < ... < x,. This problem can be reduced in linear time to the case wemoat two points have
the samer-coordinate: we only need to rewrite the input under the fotm, y1,y1), ..., (Tn, Yn,Yl,))



with z; < ... < z, andy; < y, for all .. The z-coordinates obviously play no role in this problem,
so we are left with an input which is a positive integerand a sequence of intervals of the real line
(ly1,v4)s - - [yn, y,])- The sorted-MIN-DIST problem corresponds to MIN-MAX PARIMON(A) with

¥ ={(a,b) € R? |a < b} and

A[z1,21)s -, [2p, 7)) = (max(2], ..., 2,) —min(z,...,2))/2.

The mappingA is obviously non-decreasing, that is, it satisfies propéityf Theorem 3. Let us
now show that it satisfies property (ii). Given an ingl, v],. .., [yn,y,]) andk, we defineA,; ; =
A(lyi yil, - - - [yj, ¥5]). After O(n) preprocessing time, we need to be able to computein time O(1)
for any giveni andj. To this end, we use an efficient algorithm for the range maximoblem by Bender
and Farach-Colton [6] (which simplifies previous algorithfid1, 15]). More precisely, given a sequence
of numbers(ay,...,a,), it allows us to answer any quefy,j) — max(a;,...,a;) in constant time,
after preprocessing tim@(n). After preprocessingy;, . . ., y,,) in this way, we can quenax(y;, ..., y;)
in time O(1). In the same way, we can preprocégs, ..., y,) in linear time with respect to the query
(4,4) — min(y;,...,y;). It allows us to computenax(y;,...,y;) andmin(y;,...,y;), and thusA, ;,
in O(1) time per query after preprocessing tirén). ThusA has property (ii) withr(n) = O(n) and
k(n) = O(1). So by Theorem 3, we have proved the following:

Theorem 8 The sorted-MIN-DIST problem can be solved in linear time.

This algorithm is optimal, since no algorithm can solve thigimization problem without reading the
y-coordinates of all the input points. Suppose indeed thalgorithm returns a functiorf on the input
(P, k) without accessing thg-coordinate of the poinp;,. ConsiderP to be same a® except that the
y-coordinate of;, is replaced withe. This algorithm will return the same functiofion input(ﬁ’, k), but
f is not optimal anymore if is large enough. It gives &n(n) lower bound on this problem and shows the
optimality of our linear time algorithm.

5 MIN-DIST with weighted inputs

In this section, we give a near-linear time algorithm for Wiighted version of the MIN-DIST problem.
Again, it is an application of Theorem 3. We also use an effiaiata structure by Guha and Shim [13] for
the related query problem.

Let us recall the weighted MIN-DIST problem defined by Guhd &him [13]—where it is called
Maximum Error Histogram. Given a collection of points in thlane{(z1,41), ..., (zn,y,)} with positive
weightsy, . .., 1, and an integek > 0, compute &-step functionf such thatmax; <i<p | f(zi) — vl
is minimized. Guha and Shim [13] give an algorithm to solveghited-MIN-DIST in timeO(nlogn +
k?1log® n) and spaceD(nlogn). We obtain the following alternative result, which is betiehen k =

w(y/n/logn).
Theorem 9 The weighted MIN-DIST problem can be solved in time O(n log* n) and space O(n log n).

Proof: To avoid technicalities, we assume that no two points hawesimer-coordinate. Without loss of
generality we assume that the points are sorted with regpduir z-coordinates. Thus the input consists in
k> 0and((x1,y1, 1), .-, (Tn, Yn, n)) With 1 < ... < x,. Since ther;’s play no role, we suppose that



the input is reduced tb and ((y1, t1), - - -, (Yn, i4n))- Thus the weighted MIN-DIST problem corresponds
to MIN-MAX PARTITION( H) with ¥ = R x R™ and

H((z1s 1), - (2 i) = min max piifz; — 2.
Obviously the cost functio! is non-decreasing, that is, it satisfies condition (i) of dileen 3.
The algorithm given in [13] relies on a preprocessing stepireng O(nlogn) time andO(nlogn)
space which allows to perform the querigsj) — H((y;, 1), -, (yj, ;) in time O(log* n). So Theo-
rem 3 yields the desired resuli.

O

6 Handling outliers

In this section, we consider a generalization of the MIN-D|@oblem where at mogt points are allowed
to be at distance more thanfrom P. These points are outliers in the dataset, and we ignore Huteas
to make our algorithm more robust to noise. More formallyegiP C R? andh, k € N, the OUTLIER
problem consists in finding fstep functionf and a subseP’ C P such tha{P’| < handd(P \ P, f) is
minimized.

When|P| = n, the obvious dynamic programming approach give®&n>h?) time algorithm. As in
practice we expedt to be much smaller tham, our goal is to improve the dependencyan

We first give an algorithm for the decision problem corregpiog to OUTLIER, with running time
O(nh?) when the input points are given in sorted order. It is esaliytihe same algorithm as our decision
algorithm for MIN-DIST, except that it needs to consider oaing up toh outliers from a combination of
points below and above the steps. Using sorted matrix segreimd this decision algorithm, we obtain a
simpleO(nh? log n) time algorithm to solve the OUTLIER problem.

6.1 Decision algorithm

We denote by, = (z;,y;), 1 < i < n the points inP. We assume that these points are in sorted order in
the sense that; < x;, for all i. (To simplify the exposition, we assume that no two point®ihave the
samez-coordinate.) We denotB[i, j| = {p;,...,p;} andY'[3, 5] = {vs,...,y;}.

For all integers < j € [1,n] andq € [0, h], we defineA[:, j, ¢] as the minimum of the diameters of
{y; | i € I}overalll C [i,j] suchthatl| > j —i+1—q. Foralli € [1,n] andq € [0, h], we define an
integernext. (i, ¢) which is the largest value gfsuch thatA[i, j — 1, ¢| is smaller thare. In other words,
[i,7 — 1] is the largest interval starting asuch that there exists a 1-step function with distance at mos
from PJi, j — 1], allowing ¢ outliers inP[i, j — 1].

Suppose that the + 1 smallesty-coordinates (with repetitions) iR[i, j] aremg < ... < m, and the
q + 1 largest aren, < ... < 1. Then we havel[i, j, ] = mingp—, 7, — my (Of course this statement
should be adapted jf— i < ¢). The following observation follows immediately.

Proposition 10 Given sorted lists of the largest ¢ + 1 numbers and the smallest ¢ + 1 numbers in
{vi,yit1,...y;}, wecan compute Afi, 5, ¢] in O(q) time.

This observation allows us to compute efficiently all thesesl ofnext. (7, q).

10



Lemma 1l Givene > 0, we can compute all the values of next. (i, q) for i € [1,n] and g € [0, k] intime
O(nh?).

Proof: We fix a value ofg, and we will show that for this value @f we can compute iW(nq) time all the
values ofnext. (7, ¢) for i € [1,n]. The result then follows immediately.

During the course of our algorithm, we use two pointérs i« < 7 < n whose initial values are
i = j = 1. We increment one of them at each step, until we reaehn, and we maintaim\[z, j, ¢] at
each step. We first show how to do it in amortizetl;) time per step. For this purpose, we maintain a third
pointerm such that < m < j and, together with it, sorted lisfs’ of theq + 1 largest values and the+ 1
smallest values itv'[¢/, m| for all i’ € [¢,m]. We also maintain a sorted ligtof theq + 1 largest values and
theq + 1 smallest values iy’ [m, j]. From these lists, we can easily g&l, j, ¢] in O(q) time, by merging
the lists ;" and L, and by applying Proposition 10. Sin¢@and; are incremented a total of less thzm
times, it contributes only)(nq) to the running time. Now we explain how we maintain the lisand the
lists L. Suppose that at the current stgps incremented. Then we simply upddtey insertingy;, if y;
is among they + 1 smallest (or largest) numbers Yim, j|. If i is incremented anél< m, then we simply
deleteL]". Finally, if  is incremented and becomes equabtpthen we delete all the sorted lists and we set
m = j. Now we can recompute the lisisg} for i < i’ < m from right to left in amortized time)(q) per
list. For a given value of, this scheme only computes one list" for one value ofn. So over the course
of the algorithm, we compute less than lists, each one in amortized(q) time. So overall, maintaining
these lists take®(nq) during the course of the algorithm.

Now we explain how we compute the valuesmekt. (-, -). We traverse the integer intervdl, n] from
left to right using two pointers < j. Initially, = j = 1 and we incremenj until A[1, j,q] > . At this
point, we setext.(1,q) = j and we increment. Nowi = 2 and, ifA[i, 7, q] > €, we setnext.(i,q) = j
and repeat the process. Otherwise, we incremeantil Az, j, g] > ¢, at which point we setext. (i, q) = j.
We repeat this process unti= j = n.

It is easy to see that this algorithm is correct. To analyzedtice that bothi andj are incremented at
mostn — 1 times, and each time we increment them, we need to spendiaetbtimeO(q). O

O

We can now solve the decision problem in ti@¢énh?). First notice that, if the answer to the decision
problem is positive, then one of the functions that are gmiuib this problem is constant only over intervals
of the form[i, next.(,q)). The proof is the same as the proof of Lemma 1. It allows us ¢edjp the
following dynamic programming approach, and obtainmh?) time bound. We proceed by decreasing
values ofi, and we maintain for each indexand for eachy € [0, k], the minimum number of steps of a
step function that has distance at mesb P[i, n] usingq outliers. We spend (h?) time for each value of
1. So we obtain this result:

Proposition 12 The decision problem with h outliers and distance e can be solved in time O(nh?).

6.2 Optimization algorithm

We first sortP according to thex-coordinates, which take3(nlogn) time. Note that the solution to the
optimization problem corresponds to a vatughich is half the difference between two valugsindy;. So
after sorting the set agf-coordinates, we reduce our problem to a search in a sortéikméth a decision
algorithm that runs in timé(nh?). Hence we obtain:

Theorem 13 The OUTLIER problem can be solved in time O(nh? log n).
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7 Concluding remarks

Our O(nlogn) time algorithm for MIN-DIST is optimal in the sense that wesba matching worst case
lower bound of2(n log n). However, it may be possible to find an algorithm with impmvanning time
depending ork, for instance with time boun®(n log k). We don’t know how to solve this problem, but
we can prove afil(n log k) lower bound on the decision problem as follows. First, itdek directly from
Ben-Or’s result on algebraic computation trees [5, 8] thatgroblem of deciding whetherreal numbers
{z1,...,z,} arein{l,...,k} requiresQ(nlog k) time. Then there exists fastep function at distance 0
from the point-sef(1,1), ..., (k, k), (z1,21),..., (zn, zy,)} if and only if thex;’s are all in{1, ... k}; it
shows that deciding whether there i&-atep functlon at distance 0 is harder than the problem atloher
whethern real numbers are ifil, ..., k}, and thus this decision problem has{fn log k) lower bound in
the algebraic computation tree model.

It would also be interesting to look at the; version: find ak-step functionf that minimizes
Zpep d(p, f). This problem is of the min-sum partition type, as opposethéoproblems studied in this
paper which are of the min-max type. A related min-sum probtan be solved efficiently: given an in-

tegerk > 0 and a set of weighted points from the real life= {(x1,w),..., (zn,w,)} C R? with
r1 < x9 < ... < x,, we want to find an optimal quantization 6f which is a partition of 1, ..., n} into
kintervals[l,.. , I, minimizing ZZ 1 w(I;), where
1) = mind 3 (e, )
jel;

As an application of an algorithm for finding a shortéslink path in a graph with the concave Monge
property, Aggarwal et al. [3] obtained &n(n\/klogn + nlogn) time algorithm to compute an optimal

guantization. (This result relies on parametric searchitpfortunately, thel.; metric does not have the

Monge property. It would be interesting to know if it is pdsdsi to do better than the obvious dynamic
programming approach in thig; case.
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